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The theory of nonlinear massive gravity can be extended into the F (R) form as developed in
Phys.Rev.D90, 064051 (2014). Being free of the Boulware-Deser ghost, such a construction has the
additional advantage of exhibiting no linear instabilities around a cosmological background. We
investigate various cosmological evolutions of a universe governed by this generalized massive gravi-
tational theory. Specifically, under the Starobinsky ansantz, this model provides a unified description
of the cosmological history, from early-time inflation to late-time self-acceleration. Moreover, under
viable F (R) forms, the scenario leads to a very interesting dark-energy phenomenology, including
the realization of the quintom scenario without any pathology. Finally, we provide a detailed analy-
sis of the cosmological perturbations at linear order, as well as the Hamiltonian constraint analysis,
in order to examine the physical degrees of freedom.
PACS numbers: 98.80.-k, 95.36.+x, 04.50.Kd, 98.80.Cq
I. INTRODUCTION
Einstein’s General Relativity (GR) is commonly ac-
knowledged as the standard theory of gravitation at dis-
tance scales which are sufficiently large compared to the
Planck length. As a foundation of modern cosmology, GR
has been greatly successful in explaining the dynamics
of the universe throughout the whole thermal expanding
history. Furthermore, recent high-precision cosmological
observations [1] strongly support the standard inflation-
ary Big-Bang paradigm, in which our universe experi-
enced a period of inflation at early times, then evolved
through radiation and matter domination, and eventually
entered a second cosmic acceleration today. Although
such a picture can be described in the GR framework,
with some additional scalar degrees of freedom, modifi-
cations of GR provide an alternative explanation.
Amongst all modified gravity theories, the F (R)
paradigm is one simple theory that can sufficiently de-
scribe the properties of higher-order gravitational effects,
by extending the gravitational Lagrangian as an arbi-
trary function of the Ricci scalar (see [2–4] for reviews).
Hence, this scenario is expected to have important effects
at high-energy scales, that were realized in the very early
universe. In particular, the Starobinsky model [5] is one
of the earliest inflationary models, and it lies in the cen-
ter of the best-fit regime of the recently released observa-
tional results by the Planck collaboration [6]. Moreover,
the F (R) modifications of GR can also be applied to ex-
plain the cosmic acceleration of the late-time universe [7],
or inflationary and late-time epochs in a unified way [8].
On the other hand, the question whether the graviton
can acquire a mass, has attracted the interest of theo-
rists for decades. Initiated by Fierz and Pauli [9], the
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subsequent full nonlinear formulation of massive grav-
ity was found to suffer from a severe problem, namely
the existence of the so-called Boulware-Deser (BD) ghost
[10]. This fundamental problem puzzled physicists until
recently, where a specific nonlinear extension of massive
gravity was proposed by de Rham, Gabadadze and Tolley
(dRGT) [11]. Within this new theory, through a Hamil-
tonian constraint analysis [12] and an effective field the-
ory approach [13], it is proven that the BD ghost can be
eliminated by a secondary Hamiltonian constraint (see
[14] for a review). Apart from the theoretical interest,
this nonlinear construction has the additional advantage
that it can provide an explanation of the observational
evidence of the late-time cosmic acceleration. In particu-
lar, the graviton potential can effectively mimic a cosmo-
logical constant by fine tuning a sufficiently small value
for the graviton mass [15, 16]. However, the cosmological
perturbations around these solutions exhibit in general
severe instabilities [17].
Having the above in mind, it is interesting to consider
the possibility of combining the F (R) paradigm and the
recent nonlinear massive gravity, as proposed in [18].
Such an extension allows for a significantly enhanced
class of cosmological evolutions, especially describing in-
flation and late-time acceleration in a unified way. How-
ever, the important advantage is that this construction
exhibits stable cosmological perturbations at the linear
level. In the present work we perform a detailed analysis
on the model of F (R) massive gravity as an accompa-
nied work to [18]. We first perform a detailed generalized
Hamiltonian constraint analysis in order to show the ab-
sence of the BD ghost. Moreover, we investigate in detail
various cosmological evolutions, from inflation to dark
energy eras, using viable F (R) ansantzes and focusing
on observables such as the dark-energy equation-of-state
parameter. Finally, we perform a detailed analysis of the
linear cosmological perturbations.
The paper is organized as follows. In Section II we
briefly review the paradigm of F (R) nonlinear massive
2gravity. We then search for cosmological solutions in
both Einstein and Jordan frames in Section III. In Sec-
tion IV we present some examples of the interplay be-
tween the F (R) and the massive sectors of the gravita-
tional action, since this construction allows for a large va-
riety of cosmological evolutions in agreement with the ob-
served behavior. In Section V we perform a perturbation
analysis at linear order around the cosmological back-
ground, which reveals only a single propagating scalar
mode. Since the kinetic term of the scalar graviton van-
ishes at leading order the model is stable against linear
perturbations Finally, we conclude with a discussion in
Section VI. Lastly, for completeness we present the de-
tailed analysis of the Hamiltonian constraint in the Ap-
pendix.
II. F (R) NONLINEAR MASSIVE GRAVITY
Following [18], the action of the F (R) nonlinear mas-
sive gravity is composed by the UV (F (R) sector) and IR
(“massive gravity” sector) modifications, and it writes as
S =
∫
d4x
√−g M2p
[
1
2
F (R) +m2g UMG
]
, (1)
whereMp = 1/
√
8πG is the reduced Planck mass,mg the
graviton mass parameter, and gµν is the physical metric
of the background spacetime. As in the dRGTmodel, the
dimensionless graviton potential UMG is constructed by
a group of polynomials through the anti-symmetrization
in 4D spacetime as:
UMG = U2 + α3U2 + α4U2 , (2)
with
U2 = Kµ[µKνν] =
1
2
(
[K]2 − [K2]) ,
U3 = Kµ[µKννKσσ] =
1
6
(
[K]3 − 3[K][K2] + 2[K3]) ,
U4 = Kµ[µKννKσσKρρ] =
1
24
(
[K]4 − 6[K]2[K2] + 3[K2]2
+8[K][K3]− 6[K4]) . (3)
In the above polynomials we have introduced the block
matrix K ≡ I − X, where X ≡
√
g−1f involves a non-
dynamical (fiducial) metric f . Additionally, [K] denotes
the trace of the matrix K. Finally,the coefficients α3 and
α4 appearing in the graviton potential are the two model
parameters.
Similarly to usual F (R) gravity models, it is convenient
to perform a conformal transformation on the spacetime
coordinate, from the original frame (dubbed as Jordan
frame) to the frame where gravity behaves like Einstein’s
GR (called the Einstein frame). In particular, we impose
the conformal transformation as
gµν → g˜µν = Ω2gµν , (4)
with Ω2 = F,R = exp
[√
2
3
ϕ
Mp
]
. Correspondingly, the
“F (R)” sector of the gravitational Lagrangian can be re-
formulated as
√−gM2p
F (R)
2
→
√
−g˜[M2p
2
R˜− 1
2
g˜µν∂µϕ∂νϕ− U(ϕ)
]
,
(5)
where a potential for the scalar field is effectively intro-
duced:
U(ϕ) =M2p
(
RF,R − F
2F 2,R
)
, (6)
with the comma-subscript denoting differentiation with
respect to the following variable.
From the above formulation one could at first sight see
a close relation between the F (R) massive gravity and
the quasi-dilaton massive gravity [19, 20]. However, in
the case of quasi-dilaton massive gravity [19] the coeffi-
cient in front of the kinetic term of the scalar field is a free
parameter, while in our model it is set to unity (this fea-
ture has a crucial effect on the perturbational analysis as
we will see). Moreover, the quasi-dilaton massive gravity
is constructed upon a shift symmetry along the scalar,
while this symmetry is in general broken in the present
model due to the appearance of the effective potential
U(ϕ). Thus, despite the similarity to the quasi-dilaton
massive gravity, the two models behave radically differ-
ently.
Additionally, the above conformal transformation acts
on the gravitational potential sector. Rewriting the
graviton potential (2) more conveniently as
UMG =
4∑
i=0
βiEi , (7)
with
βn = (−1)i
[1
2
(4− i)(3− i) + (4− i)α3 + α4
]
, (8)
and
E0 = 1 , E1 = Xµµ , E2 = Xµ[µXνν] , (9)
E3 = Xµ[µXρρXνν] , E4 = Xµ[µXρρXγγXνν] , (10)
we deduce that in order to perform the conformal trans-
formation (4) we need to incorporate the transformation
of the matrix X→ X˜ ≡
√
g˜−1f . Since
√−g → Ω−4√−g˜,
we acquire
Ei → ΩiE˜i , (11)
and finally we obtain the transformation as
UMG → U˜MG =
4∑
i=0
Ωi−4βiEi . (12)
From the expression (12) one can easily see that the
gravitational potential in the Einstein frame acquires a
3scalar-field dependence. This feature is similar to the
model of varying-mass massive gravity [21, 22]. How-
ever, there exist two differences. Firstly, in varying-mass
massive gravity the graviton mass is an arbitrary func-
tion of the scalar field, while in the present model the
scalar-field dependence is fixed by the conformal factor
Ω. Secondly and more importantly, in the present model
the power index of the scalar-field-dependent (conformal)
factor Ω is determined by the order of the gravitational
polynomial, while in varying-mass massive gravity it is a
common overall factor [21]. In other words, in the present
model the separate gravitational terms acquire a differ-
ent scalar-field dependence, which make the scenario rad-
ically different than that of varying-mass massive gravity.
Eventually, to assemble the effects of both the “F (R)”
and the “massive gravity” sectors, we can rewrite the
Lagrangian of the F (R) nonlinear massive gravity as:
L =
√
−g˜
[
M2p
2
(R˜+ 2m2g U˜MG)−
1
2
g˜µν∂µϕ∂νϕ− U(ϕ)
]
.
(13)
The scenario at hand is free of BD ghosts, as can be
shown through a detailed Hamiltonian constraint analy-
sis, which for convenience is presented in the Appendix.
III. COSMOLOGY OF F (R) NONLINEAR
MASSIVE GRAVITY
In this section we study the cosmological implications
of the model under investigation. We consider the stan-
dard homogeneous and isotropic Friedmann-Robertson-
Walker (FRW) ansatz for the physical metric, while
for the fiducial one we start from a Minkowski form
fρσ = ηρσ . Furthermore, we incorporate the usual matter
content of the universe, that is we consider an action Sm
corresponding to an ideal fluid characterized by energy
density ρm and pressure pm respectively, which couples
minimally to the gravitational sector. Finally, we fix a
particular gauge for the Stu¨ckelberg fields.
A. Flat universe
We consider the physical metric in the Jordan frame
to be flat FRW:
ds2 = −N2dt2 + a2δijdxidxj , (14)
where we have omitted the subscript “g” to distinguish
the physical metric, since the fiducial metric is just the
Minkowski one. Additionally, we use part of the gauge
freedom to impose the following form on the Stu¨ckelberg
fields:
φ0 = b(t) , φi = acx
i , (15)
with ac a constant. Inserting the above into the total
action (1) we obtain
Stot =
∫
d4xa3N
[
M2p
2
F (R) +m2gM
2
p
(U2 + α3U3 + α4U4)
]
+ Sm , (16)
with
U2 = 3a(a− ac)(2Na− acN − ab′) ,
U3 = (a− ac)2(4Na− acN − 3ab′) ,
U4 = (a− ac)3(N − b′) , (17)
where the prime denotes the derivatives with respect to
t.
For convenience, and in order to present the equations
in a compact way, we introduce the following notation:
A = ac
a
, a˙ =
a′
N
, H =
a˙
a
,
X1 = (3− 2A) + α3(3−A)(1−A) + α4(1−A)2 ,
X2 = (3−A) + α3(1−A) , (18)
where H is the usual Hubble parameter describing the
expanding rate of the universe. Varying the action (16)
with respect to all field variables, we obtain the following
equations of motion:
δbS|N=1 : m2gM2pHX1 = 0 ,
δNS|N=1 : 3M2pF,RH2 = ρm + ρMG + ρFR ,
δaS|N=1 : M2pF,R
(
−2H˙ − 3H2
)
= pm + pMG + pFR ,
(19)
where we have set N = 1 at the end. In the above ex-
pressions we have defined the effective energy density and
pressure of the “massive gravity” sector as
ρMG = m
2
gM
2
p (A− 1)(X1 +X2) , (20)
pMG = −m2gM2p (A− 1)X2 −m2gM2p (b˙− 1)X1 , (21)
as well as the effective energy density and pressure con-
tributed by the “F (R)” sector as
ρFR =M
2
p
[RF,R − F
2
− 3HR˙F,RR
]
, (22)
pFR =M
2
p
[
R˙2F,RRR + 2HR˙F,RR + R¨F,RR +
F −RF,R
2
]
.
(23)
Here we would like to clarify that, if the model under con-
sideration is used to describe the cosmological dynamics
at late times, the effective dark energy component is at-
tributed to the above two contributions, namely
ρDE ≡ ρMG + ρFR , (24)
pDE ≡ pMG + pFR . (25)
4Solving the first equation of (19) leads to the follow-
ing possibilities: H = 0, that is a static universe with
a(t) = const; or X1 = 0, that is A = const, which is a
static universe too (a(t) = const). As a result, we find
that the F (R) nonlinear massive gravity shares the disad-
vantage of many other nonlinear massive gravity scenar-
ios, namely that it does not accept flat homogeneous and
isotropic solutions (one can easily achieve the same con-
clusion in the Einstein frame). Consequently, we have to
extend the cosmological investigation of this model into
the non-flat geometry.
B. Open Universe
Since there exists no acceptable flat solution, in or-
der to study cosmological scenarios we consider an open
universe. For completeness, we analyze the cosmological
dynamics in both Jordan and Einstein frames.
1. Analysis in the Jordan frame
We start with the open FRW metric of the form
ds2 = −N2dt2 + a2(t)γKij dxidxj , (26)
with
γKij dx
idxj = δijdx
idxj − a
2
k(δijx
idxj)2
1− a2kδijxixj
, (27)
and ak =
√
|K| is associated with the spatial curvature.
The Stu¨ckelberg scalars take the form of the Milne coor-
dinates:
ϕ0 = b(t)
√
1 + a2kδijx
ixj , ϕi = akb(t)x
i . (28)
We insert the above formulae into the total action (1)
and we obtain
Stot =
∫
d4x
√
γKa3N
[
M2p
2
F (R)
+m2gM
2
p (U2 + α3U3 + α4U4)
]
+ Sm, (29)
with
U2 = 3a(a− akb)(2Na− b′a−Nakb) ,
U3 = (a− akb)2(4Na− 3ab′ −Nakb) ,
U4 = (a− akb)3(N − b′) , (30)
where primes denote derivatives with respect to t as in-
troduced in the previous subsection.
Similar to the analysis in the flat universe we introduce
a series of notation for convenience, namely
B = akb
a
, a˙ =
a′
N
, H =
a˙
a
,
Y1 = (3 − 2B) + α3(3 − B)(1− B) + α4(1 − B)2 ,
Y2 = (3 − B) + α3(1− B) . (31)
Then varying the action (29) with respect to the field
variables yields the following equations of motion:
δbS|N=1 : (a˙− ak)Y1 = 0 , (32)
δNS|N=1 : 3M2pF,R
(
H
2 − a
2
k
a2
)
= ρm + ρMG + ρFR , (33)
δaS|N=1 : M2pF,R
(
−2H˙ − 3H2 + a
2
k
a2
)
= pm + pMG + pFR .
(34)
In the above expressions the effective energy density and
pressure of the “F (R)” sector remain the same as in the
flat geometry, which are given by (22) and (23), while
the effective energy density and pressure of the “massive
gravity” sector now become
ρMG = m
2
gM
2
p (B − 1)(Y1 + Y2) , (35)
pMG = −m2gM2p
[
(B − 1)Y2 + (b˙ − 1)Y1
]
. (36)
If this model is used to describe late-time cosmology,
the effective dark energy component is attributed to the
above two contributions through ρDE ≡ ρMG + ρFR and
pDE ≡ pMG + pFR .
Let us now examine the cosmological equations (32)-
(34). Similar to all massive gravity scenarios, Eq. (32)
constrains the dynamics significantly. As we observe it
leads to two possible solutions. The first one is trivial:
a˙ = ak, which leads to the dynamics a(t) = akt+ const.
The second one requires Y1 = 0, and is of physical inter-
est. As pointed out in the self-accelerating backgrounds
of the dRGT construction [16], the nontrivial constraint
Y1 = 0 yields
B± = 1 + 2α3 + α4 ±
√
1 + α3 + α23 − α4
α3 + α4
. (37)
This relation can be always fulfilled by choosing b(t) ∝
a(t). In this case expressions (35), (36) imply that
ρMG = −pMG = const, as it is expected similarly to the
original nonlinear massive gravity model. This result in-
corporates the interesting cosmological implication that
the graviton mass can induce an effective cosmological
constant given by (35), of which the energy density takes
the form
ρMG± = m2gM
2
p (B±−1) [(3− B±) + α3(1− B±)] . (38)
However, the crucial issue is that in the present model
the remaining “F (R)” sector can be chosen at will in the
Friedmann equations (33)-(34), leading to a huge class of
cosmologies.
2. Analysis in the Einstein frame
For completeness, we present the investigation of the
open geometry in the Einstein frame too. We mention
that this will be helpful in the examination of the pertur-
bations of the scenario, since the analysis of cosmological
5perturbations takes a familiar form in the Einstein frame.
We follow the procedure of section II. Specifically, we per-
form the conformal transformation gµν → g˜µν = Ω2gµν
of the open FRW metric (39), with Ω2 = exp
[√
2
3
ϕ
Mp
]
.
Therefore, the metric in the Einstein frame is given by
ds˜2 = Ω2
[−N2dt2 + a2(t)γKij dxidxj]
= −N˜2dt˜2 + a˜2(t˜)γKij dxidxj , (39)
and the resulting action in the Einstein frame takes the
form
S =
∫
d4x
√
γK
[
−3M2pa2kN˜ a˜− 3M2p
a˜a˜′2
N˜
+m2gM
2
p (U˜2 + α3U˜3 + α4U˜4)
− a˜
3N˜
2
∂αϕ∂αϕ− N˜ a˜3U(ϕ)
+N˜ a˜3L˜m
]
, (40)
with L˜m = Ω−4Lm describing any additional matter and
U˜2 = 3a˜Ω−4(a˜− akΩb)(2N˜ a˜− Ωb′a˜− ΩN˜akb) ,
U˜3 = Ω−4(a˜− akbΩ)2(4N˜ a˜− 3a˜Ωb′ −NakΩb) ,
U˜4 = Ω−4(a˜− akbΩ)3(N˜ − Ωb′) , (41)
where primes denote derivatives with respect to t˜. Note
that, as we mentioned in section II, the conformal trans-
formation acts only on the physical metric and not on the
fiducial one, and therefore the Stu¨ckelberg fields remain
unaffected.
We introduce a series of notation for simplicity, namely
B˜ = akbΩ
a˜
, ˙˜a =
a˜′
N˜
, H˜ =
˙˜a
a˜
,
Y˜1 = (3 − 2B˜) + α3(3 − B˜)(1− B˜) + α4(1 − B˜)2 ,
Y˜2 = (3 − B˜) + α3(1− B˜) . (42)
The equations of motion in this case are obtained by
δbS|N˜=1 :
(
ak − ˙˜a+ a˜ Ω˙
Ω
)
Y˜1 = 0 , (43)
δN˜S|N˜=1 : 3M2p
(
H˜2 − a
2
k
a˜2
)
= ρ˜m + ρ˜MG + ρ˜ϕ , (44)
δa˜S|N˜=1 : M2p
(
−2 ˙˜H − 3H˜2 + a
2
k
a˜2
)
= p˜m + p˜MG
+ p˜ϕ , (45)
δϕS|N˜=1 : ϕ¨+ 3H˜ϕ˙+ U,ϕ −
m2gM
2
p
Ω5
Ω,ϕ
[
3Y˜1Ωb˙
+4(1− B˜)Y˜2 + (4− B˜)Y˜1
]
− Ω,ϕ
Ω
(−ρ˜m + 3p˜m) = 0, (46)
where we have set N˜ = 1 in the final expressions, and in
the last equation used the relation [3]
∂L˜m
∂ϕ
=
√
−g˜Ω,ϕ
Ω
(−ρ˜m + 3p˜m) . (47)
As usual, in order to express the results back to the initial
metric we use
dt˜ = Ωdt , a˜ = Ωa , H˜ =
1
Ω
(
H +
Ω˙
Ω
)
. (48)
In the above expressions, the effective energy density and
pressure of the regular matter component are given by
ρ˜m =
ρm
Ω4
, p˜m =
pm
Ω4
, (49)
and those of the “massive gravity” sector are expressed
as
ρ˜MG =
m2gM
2
p
Ω4
(B˜ − 1)(Y˜1 + Y˜2) , (50)
p˜MG = −
m2gM
2
p
Ω4
[
(B˜ − 1)Y˜2 + (Ωb˙ − 1)Y˜1
]
. (51)
Additionally, there exists one more contribution to the
total energy density and pressure, namely that of the
scalar field, which take the usual forms
ρ˜ϕ =
1
2
ϕ˙2 + U(ϕ) , p˜ϕ =
1
2
ϕ˙2 − U(ϕ) . (52)
Finally, in the analysis of the Einstein frame of F (R)
nonlinear massive gravity, the corresponding dark energy
component is attributed to the “massive gravity” and the
scalar field sectors, namely
ρ˜DE = ρ˜MG + ρ˜ϕ , p˜DE ≡ p˜MG + p˜ϕ . (53)
Now let us examine the cosmological equations (43)-
(46). Similarly to the analysis of the Jordan frame, Eq.
(43) leads to two possible solutions. The first is the trivial
solution H˜ = aka˜ +
Ω˙
Ω , which using (48) is found to be the
Einstein-frame equivalent of the trivial solution a˙ = ak
found in the Jordan frame. The second is Y˜1 = 0, which
further yields
B˜± = 1 + 2α3 + α4 ±
√
1 + α3 + α23 − α4
α3 + α4
. (54)
This relation can be always fulfilled by choosing b(t˜) ∝
a(t˜). Then expressions (50), (51) imply that ρ˜MG =
−p˜MG, as we found in the Jordan frame too. Note that in
the Einstein frame ρ˜MG and p˜MG depend on t˜ (through
the conformal factor Ω), but if we re-express them back
into the Jordan frame, in terms of t they become con-
stant. Hence, one can easily deduce that this interesting
time varying cosmological constant in the Einstein frame,
is due to the conformal factor brought by the coordinate
transformation.
6IV. PHENOMENOLOGICAL IMPLICATIONS
Having presented the basic background equations of
motion of the scenario of F (R) nonlinear massive grav-
ity, we are now able to investigate its phenomenological
implications. We mention that, the scenario at hand ex-
hibits a wide class of cosmological behaviors due to the
combination of the “F (R)” and the “massive gravity”
sectors 1.
As we discussed in the previous section, the cosmologi-
cal equations in an open FRW universe governed by F (R)
nonlinear massive gravity are given by (32)-(34). The
first of these equations constrains the dynamics signifi-
cantly, leading to a constant contribution of the graviton
mass sector, that is ρMG± = const, given by (38). How-
ever, the crucial issue is that in the model at hand, and
contrary to usual massive gravity, the remaining “F (R)”
sector can be chosen at will in the rest Friedmann equa-
tions (33)-(34), leading to very rich cosmological dynam-
ics.
A. The Starobinsky-ΛCDM-like cosmology
One of the most important and interesting sub-classes
is when the “F (R)” sector is important at early times and
thus responsible for inflation, while the massive graviton
is dominant at late times and can drive the universe ac-
celeration as observed today. To give a representative ex-
ample, we particularly consider the well-known Starobin-
sky’s R2-inflation scenario [5]
F (R) = R+
ξ
M2p
R2 , (55)
with ξ being the high-order coupling coefficient. This
model proves to be the best-fitted scenario with the re-
cently released Planck data [6]. We perform a numerical
elaboration of such a cosmological system and in Figure
1 we present the early-time inflationary solutions for four
parameter choices.
Additionally, in Figure 2 we numerically depict four
late-time self-accelerating solutions. We would like to
mention that in order to handle the late-time evolutions,
we need to define the dark energy equation of state wDE
and its density parameter ΩDE . In the F (R)-literature
there are two ways to do it. The first is to use the Fried-
mann equations in the form of (33), (34), in which we
introduce an effective Planck mass square M2pF,R, and
define ΩFR ≡ ρFR/(3M2pF,RH2), with wFR ≡ pFR/ρFR
[2]. The second method is to rewrite the Friedmann
equations in order to have the standard Planck mass
square M2p in the left hand side, to absorb the remain-
ing terms in a modified ρ¯FR and p¯FR , and to define
1 A similar analysis within the frame of F (R) bi-gravity was per-
formed in [23].
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FIG. 1: Four inflationary solutions for the Starobinsky ansatz
(55), corresponding to a) mg = 10
−50, α3 = 2, α4 = −1, ak =
5 × 10−41, ξ = 1010 (black-solid), b) mg = 10−50, α3 = 10,
α4 = 10, ak = 10
−41, ξ = 109 (red-dashed), c) mg = 10
−50,
α3 = 1, α4 = 1, ak = 10
−40, ξ = 1010 (blue-dash-doted),
d) mg = 10
−50, α3 = 10, α4 = 1, ak = 2 × 10−41, ξ =
1010 (green-dotted). All parameters are in Planck units. The
two horizontal lines mark the N = 50 and N = 60 e-folding
regimes.
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FIG. 2: Four late-time accelerating solutions for the
Starobinsky ansatz (55), corresponding to a) mg = 2, α3 = 1,
α4 = 1, ak = 0.05, ξ = 0.2 (black-solid), b) mg = 1.5, α3 = 1,
α4 = −2, ak = 0.01, ξ = 0.5 (red-dashed), c) mg = 3, α3 = 3,
α4 = −5, ak = 0.05, ξ = 0.5 (blue-dash-doted), d) mg = 3,
α3 = 10, α4 = 1, ak = 0.05, ξ = 0.5 (green-doted). All pa-
rameters are in units where the present Hubble parameter is
H0 = 1, and we have imposed Ωm0 ≈ 0.31, ΩDE0 ≈ 0.69,
Ωk0 ≈ 0.01 at the present scale factor a0 = 1 [1].
ΩFR ≡ ρ¯FR/(3M2pH2), with wFR ≡ p¯FR/ρ¯FR [3]. De-
spite the fact that in usual cases the difference is small
at the background level (and the specific choice has to
be made in accordance with the specific measurement
method of Mp, ΩDE and wDE), we stress that the usual
conservation equation ρ˙ + 3H(ρ + p) = 0 holds only for
ρ¯FR and not for ρFR [3]. Although, this is not crucial
7(since we are dealing with modified gravity the dark en-
ergy sector is effective, arising from the extra gravita-
tional features, and there is no fundamental reason that
it should be conserved), in the present work we follow
the second way in order for our model to present energy
conservation of the “F (R)” sector, and subsequently for
the whole dark-energy one. Thus, the matter, curvature
and massive-gravity density parameters are defined using
3M2pH
2 too, and they are also conserved.
As we observe from these figures, in this particular
choice of the Starobinsky ansatz, the Ricci scalar is rel-
ative large at early times, and thus the R2 correction
term drives a successful inflation. On the other hand, R
becomes very small at late times and thus the “F (R)”
contribution is dramatically suppressed, and therefore
the acceleration is driven solely by the effective cosmo-
logical constant induced by the graviton mass. There-
fore, this model provides a unified description of both
inflation and late-time acceleration of the universe. In
particular, the corresponding cosmological evolution at
the background level provides a specific realization of the
Starobinsky-ΛCDM cosmology. Note however that at the
perturbation level the present model will behave differ-
ently comparing to Starobinsky-ΛCDM cosmology, since
the graviton sector contributes as well, contrary to the
simple cosmological constant which does not. Therefore,
strictly speaking, it is a Starobinsky-ΛCDM-like scenario.
B. Late-time Cosmology
As we mentioned above, in the case where the uni-
verse evolves at late times, both the “F (R)” and “massive
gravity” sectors may contribute effectively to the dark en-
ergy component. In particular, the “F (R)” contribution
brings dynamical features into dark energy physics, and
thus it can be of great phenomenological interest. Thus,
in this subsection, we focus on the details of late-time
evolutions, going beyond the simple effective cosmologi-
cal constant of the previous subsection, and using viable
F (R) forms, which quantitatively describe the observa-
tional data.
We would like to examine the two well-known viable
F (R) models that are in best agreement with observa-
tions. First we consider the F (R) gravity of the expo-
nential ansatz [24–26]
F (R) = R− βRS
(
1− e−R/RS
)
, (56)
with RS and β the model parameters. This ansatz is
viable for β > 1 and RS > 0 [24], and it is able to fit
observations with only one more parameter comparing
to the ΛCDM cosmology. We numerically solve the cos-
mological system governed by the F (R) massive gravity
with this exponential form and we present two different
results in Figures 3 and 4, under two different groups of
parameter choices, respectively. Our results focus on the
dynamics of the equation-of-state parameter of dark en-
ergy wDE and the corresponding density parameter ΩDE .
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FIG. 3: Upper graph: The dark energy equation-of-state pa-
rameter wDE as a function of the redshift z, in the case of the
exponential F (R) ansatz (56), for mg = 1, α3 = 3, α4 = −2,
ak = 0.1, β = 1.5, RS = 0.25. All parameters are in units
where the present Hubble parameter is H0 = 1, and we have
imposed Ωm0 ≈ 0.31, ΩDE0 ≈ 0.69 and Ωk0 ≈ 0.01 at present
[1]. Lower graph: The corresponding evolution of the dark
energy density parameter ΩDE (back-solid), as well as it two
constituents ΩFR (red-dashed) and ΩMG (green-dotted), of the
F (R) and massive-gravity sectors respectively.
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FIG. 4: Upper graph: The dark energy equation-of-state pa-
rameter wDE as a function of the redshift z, in the case of
the exponential F (R) ansatz (56), for mg = 0.75, α3 = 1,
α4 = −2, ak = 0.1, β = 1.1, RS = 0.3. All parameters are in
units where the present Hubble parameter is H0 = 1, and we
have imposed Ωm0 ≈ 0.31, ΩDE0 ≈ 0.69 and Ωk0 ≈ 0.01 at
present [1]. Lower graph: The corresponding evolution of the
dark energy density parameter ΩDE (back-solid), as well as its
two constituents ΩFR (red-dashed) and ΩMG (green-dotted),
of the F (R) and massive-gravity sectors respectively.
For clarity, we also depict the evolutions of both dark
energy constituents, namely the separate F (R) density
parameter ΩFR and the massive gravity one ΩMG, where
ΩDE = ΩFR+ΩMG. For convenience, we use the redshift
8z = a0a −1 as the variable of the horizontal axis, with the
present scale factor a0 set to 1.
In the case of Figure 3 the dark energy is mainly in-
duced by the “F (R)” sector, since the “massive gravity”
contribution is quite small. On the other hand, in the
case of Figure 4, both the “F (R)” and “massive gravity”
sectors have a significant contribution to ΩDE . One no-
tices that in these specific examples, the equation of state
parameter wDE evolves from w > −1 into the w < −1
regime and hence provides a realization of the quintom
scenario. This is known as a capability and advantage of
the F (R) gravity models [27].
Concerning the phantom-divide crossing realization
(see [28] for a comprehensive review), there is a well-
known “No-Go” theorem which states that any dynam-
ical dark energy with only one single degree of freedom
(DoF) in the frame of General Relativity cannot exhibit
it, due to severe gradient instabilities in the dispersion
relation at the classical level [29]. In general, in order
to circumvent this problems, the quintom models usually
involve two scalar DoFs [30], or they are formulated in al-
ternative frameworks such is the non-perturbative string-
inspired construction [31], or using a spinor field [32]. In-
terestingly, in the present case of F (R) nonlinear massive
gravity, although at linear level we have only one scalar
DoF as we will show in section V, its interaction with the
graviton potential modifies the dispersion relation which
becomes well-behaved when the phantom-divide crossing
occurs. Thus, the aforementioned “No-Go” theorem is
avoided (this mechanism is similar to the “No-Go” theo-
rem avoidance in the Horndeski models [33, 34]).
The second viable and well-studied F (R) ansatz is of
the power-law-like Starobinsky form [35, 36]:
F (R) = R− λRc
[
1−
(
1 +
R2
R2c
)−n ]
, (57)
with λ, n, and Rc the (positive) model parameters
(n > 0.9 according to Solar-System constraints [36]). We
numerically solve the cosmological equations under the
above F (R) form and we provide two representative re-
sults in Figures 5 and 6, respectively.
In the case shown in Figure 5, the dynamics of the dark
energy is dominated by the contribution of the “F (R)”
sector, since the “massive gravity” contribution is very
small. From the evolution of wDE in this figure, one can
see that the quintom scenario occurs twice, thus the uni-
verse remains in the phantom regime for a short time.
This interesting phenomenological property can be ap-
plied in the study of very early universe and a nonsingular
bouncing solution can be obtained, similarly to [37]. On
the other hand, in the case shown in Figure 6, the “mas-
sive gravity” sector has the largest contribution at late
times, comparing to the F (R) part. Note that the domi-
nation of the “massive gravity” sector in Figure 6 makes
wDE to approach −1 but does not allow for a crossing.
This is expected since, as we mentioned after (37), the
pure “massive gravity” sector behaves like a cosmological
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FIG. 5: Upper graph: The dark energy equation-of-state pa-
rameter wDE as a function of the redshift z, in the case of the
power-law-like Starobinsky F (R) ansatz (57), for mg = 0.5,
α3 = 2, α4 = 1, ak = 0.1, λ = 0.3, n = 2, Rc = 2. All pa-
rameters are in units where the present Hubble parameter is
H0 = 1, and we have imposed Ωm0 ≈ 0.31, ΩDE0 ≈ 0.69 and
Ωk0 ≈ 0.01 at present [1]. Lower graph: The corresponding
evolution of the dark energy density parameter ΩDE (back-
solid), as well as its two constituents ΩFR (red-dashed) and
ΩMG (green-dotted), of the F (R) and massive-gravity sectors
respectively.
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FIG. 6: Upper graph: The dark energy equation-of-state pa-
rameter wDE as a function of the redshift z, in the case of
the power-law-like Starobinsky F (R) ansatz (57), for mg = 2,
α3 = 2, α4 = 1, ak = 0.1, λ = 25, n = 2, Rc = 10. All pa-
rameters are in units where the present Hubble parameter is
H0 = 1, and we have imposed Ωm0 ≈ 0.31, ΩDE0 ≈ 0.69 and
Ωk0 ≈ 0.01 at present [1]. Lower graph: The corresponding
evolution of the dark energy density parameter ΩDE (back-
solid), as well as its two constituents ΩFR (red-dashed) and
ΩMG (green-dotted), of the F (R) and massive gravity sectors,
respectively.
9constant (in the case of asymptotic domination of ΩMG
on ΩFR , the wDE tends asymptotically to −1).
V. COSMOLOGICAL PERTURBATIONS
The scenario of F (R) nonlinear massive gravity is free
of the BD ghost, as it is shown in detail in the Appendix.
However, it is necessary to examine whether this model
remain free of instabilities at the perturbative level. The
stability issue of various nonlinear massive gravity models
has recently been extensively studied in the literature
[17, 38–40], and the parameter spaces of these models
are tightly constrained.
In this section, we proceed to a detailed study of the
cosmological perturbations of the scenario at hand, focus-
ing our interest at the level of linear perturbations, and
this analysis serves as a completeness of our accompanied
work [18]. We work in the unitary gauge which leaves the
Stu¨ckelberg fields unperturbed. Additionally, as usual
we perform the calculations in the Einstein frame, but
we drop the tildes on the metric for convenience (thus in
this section the dots denote derivatives with respect to
the time-variable of the Einstein-frame metric).
The metric variables found in the action, and intro-
duced in Eq. (39), are perturbed according to the follow-
ing convention
g00 = −N2(1 + 2φ) ,
g0i = Naβi ,
gij = a
2(γKij + hij). (58)
The scalar field is also perturbed as ϕ → ϕ + δϕ while
the Stu¨ckelberg fields are not as we work in the unitary
gauge. Therefore, note that in this section the symbol ϕ
is used for the scalar field in the Einstein frame, while φ is
used for the scalar metric perturbation (thus no confusion
is possible since the Stu¨ckelberg fields do not appear).
Then we can further decompose them in a traceless
and transverse tensor (γij), transverse vectors (Bi, Fi)
and scalars (φ, B, ψ, E) parts through the following
relations,
βi = ∂iB +Bi , DiB
i = 0, (59)
hij = 2γ
K
ij ψ +DiDjE +
1
2
(DiFj +DjFi) + γij , (60)
DiF
i = Diγij = 0 , γ
i
i = 0 , (61)
where we have introduced the spatial covariant derivative
Di compatible with the background 3-metric γ
K
ij .
One can derive the equations of motion of cosmolog-
ical perturbation by perturbing the extended Einstein’s
equation of nonlinear massive gravity. We do not include
the contribution from extra matter as it does not change
the conclusion. Einstein’s equation can be expressed as
δGµν + δXµν =M
−2
p δTµν , (62)
where Gµν is the regular Einstein tensor and the extra
term Xµν comes from the “massive gravity” part of the
action. For convenience we introduce
MGW =
m2gB˜
8
(1− B˜)
[
1 + (2 − B˜)α3 + (1− B˜)α4
]
+
m2gB˜
8
Y˜1 , (63)
which will be used in the following calculation.
The process of deriving the perturbed Einstein equa-
tions is straightforward. Here we list the non-vanishing
equations of motion as follows,
3H(Hφ− ψ˙) + D
2
a2
[
ψ + aH
(
B − aE˙
2
)]
+
3a2kψ
a2
=
− ϕ˙
˙δϕ+ U,ϕδϕ
2
+
ϕ˙2φ
2
+
2m2gM
2
pΩ,ϕ
Ω5
(B˜ − 1)Y˜2δϕ , (64)[
Hφ− ψ˙ − ak
a
(
B − aE˙
2
)]
,i
=
[
ϕ˙δϕ
2
]
,i
, (65)
− (3H2 + H˙)φ−Hφ˙+ ψ¨ + 3Hψ˙ − a
2
k
a2
(φ+ ψ)
− D
2
3
[
ψ + φ
a2
+
2H
a
(
B − aE˙
2
)
+
1
a
d
dt
(
B − aE˙
2
)]
+MGWψ
= − ϕ˙
˙δϕ− U,ϕδϕ
2
− 2m
2
gM
2
pΩ,ϕ
Ω5
(B˜ − 1)Y˜2δϕ , (66)(
D2 + 3a2k
a2
)[
2H
a
(
B − aE˙
2
)
+
1
a
d
dt
(
B − aE˙
2
)
+φ+ ψ − MGW
2
E
]
= 0 , (67)
which correspond to the (00), (0i), (ii), (ij) components,
respectively. Additionally, we have the perturbed Klein-
Gordon equation for the field fluctuation, which takes the
form of
δ¨ϕ+ 3H ˙δϕ− D
2
a2
δϕ+ U,ϕϕδϕ+ 2U,ϕψ − 4ϕ˙ψ˙ =
MGW
(
ϕ˙
2
E˙ − U,ϕE
)
+ 8m2gΩ
−4(B˜ − 1)Y˜2δϕ , (68)
where the coefficient B˜ is given by (42).
Since neither φ nor ψ˙ appear as coefficient of the gravi-
ton mass term, the kinetic structure is very similar to
that of GR. This is seen in many other massive gravity
constructions, when one considers the self-accelerating
cosmological solution as the background. With this in
mind, we are allowed to use the Bardeen potentials,
ψB = −ψ − aH
(
B − aE˙
2
)
,
φB = φ+
d
dt
[
a
(
B − aE˙
2
)]
,
δϕB = δϕ+ ϕ˙a
(
B − aE˙
2
)
, (69)
10
to rewrite the equations and reduce the apparent prop-
agating DoFs in the present model. Making use of the
above varialbe, Eq. (67) yields
φB − ψB =MGW E
2
. (70)
Similar to usual perturbation analysis, it is convenient
to define the well-known Mukhanov-Sasaki variable:
Q = δϕB + ϕ˙
H
ψB . (71)
We first combine the (00) and (ii) components of the
perturbed Einstein equations, by calculating Eq. (64)
minus (66), and then insert the result into the perturbed
Klein-Gordon equation (68). In terms of the variable Q,
we obtain the perturbation equation as follows:
Q¨+ 3HQ˙+
[
D2
a2
+ U,ϕϕ − 1
M2pa3
d
dt
(
a3
H
ϕ˙
2
)]
Q =
2m2g Y˜Q
3Ω4
Q− 2a
2
k
a2H2
(
ϕ¨− H˙ϕ˙
H
)
ψB , (72)
where Y˜Q ≡ 4(1− B˜)Y˜2.
Observing Eq. (72), one deduces that in the scenario at
hand the field variable Q is one propagating DoF char-
acterizing the dynamics of cosmological perturbations.
The crucial issue is to examine whether ψB is a dynami-
cal DoF too, or whether it can be integrated out through
some constraint equation.
We first re-express equations (64) and (65) in terms of
the Bardeen potentials (69) and Q. Therefore, we can
derive the following two useful formulae:
ψB = C
−1
(
ϕ¨
2M2p
Q+ ϕ˙
3
4M4pH
Q− ϕ˙
2M2p
Q˙
)
, (73)
ψ˙B = C
−1
(
− ϕ¨ϕ˙
2
4M4pH
− ϕ¨H
2M2p
+
H˙ϕ˙3
4M4pH
2
− ϕ˙
3
M4p
− 3H˙ϕ˙
2M2p
− D
2
a2
ϕ˙
2M2p
)
Q
+ C−1
(
ϕ˙3
4M4pH
+
ϕ˙H
2M2p
)
Q˙
+ C−1
(
D2
a2
+ 3HH˙ +
3Hϕ˙2
2M2p
− H˙ϕ˙
2
2M2pH
− ϕ˙
4
2M2pH
)
MGW
E
2
, (74)
with the operator C defined as
C = −D
2
a2
− 3H˙ − 3ϕ˙
2M2p
+
H˙ϕ˙2
2M2pH
2
+
ϕ˙4
4M4pH
2
. (75)
Equations (73) and (74) determine the dynamics of ψB.
However, they are not independent since ddtψB = ψ˙B.
The consistency of their combination, together with the
main perturbation equation (72), leads to a strong con-
straint, namely E = 0. Hence, we can clearly see that
there exists only a single scalar propagating DoF, that is
Q, at the linear order in the perturbation theory around
the cosmological background.
Let us now examine the stability of the single DoF Q.
Inserting (73) into (72), we observe that the sign in front
of Q¨ remains equal to one, and thus no apparent ghost
instability appears. The existence of the term containing
ψB would modify the dispersion relation of the gradient
terms. But in a realistic cosmological background the
spatial curvature term is observationally suppressed and
thus the corresponding effect on modifying the dispersion
relation would be secondary. The last interesting prop-
erty shown in Equation (72) is the term proportional to
m2g. Obviously, this is a new term brought by the gravita-
tional potential and thus it is interpreted as the effective
mass of the scalar graviton. Despite the corrections from
other terms, one deduces that if Y˜Q < 0 then the model
is free of tachyonic instabilities. Note that this require-
ment still leaves a large part of the parameter space, and
thus a huge class of interesting cosmological behavior.
We close this section by making some comments on the
comparison with other extended nonlinear massive grav-
ity models, such are the quasi-dilaton massive gravity
[19] and the mass-varying massive gravity [21], following
the discussion of section II. From the point of view of
perturbation analysis, both the quasi-dilaton and mass-
varying massive gravity models involve at least two scalar
DoF, one introduced by the additional scalar field and
the other being the longitudinal mode of the graviton.
This can be verified by counting the number of nonzero
eigenvalues of the matrix for the kinetic part of the per-
turbation action [39]. Applying the method of [39] in the
present scenario of F (R) nonlinear massive gravity (this
can be performed immediately by taking the results of
[39] and set the coefficient in front of the scalar-field ki-
netic term to unity), we find that there exists only one
nonzero eigenvalue in our model, and this implies only a
single DoF. Thus, the present model is radically different
from the aforementioned two.
VI. CONCLUSIONS
Recently, a nonlinear massive gravity theory was con-
structed in [11], in which the BD ghost can be removed in
the decoupling limit to all orders in perturbation theory,
through a systematic construction of a covariant nonlin-
ear action. The theoretical advantages of such a con-
struction led to a wide investigation of its cosmological
implications [15, 16], as well as of the black hole solutions
[41], while the connections to bi-metric and multi-metric
gravity were also revealed [42, 43]. However, the cosmo-
logical perturbations around these solutions are found to
exhibit in general severe instabilities [17], and thus ex-
tensions of the basic theory are necessary.
In this work, we constructed the F (R) extension of
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nonlinear massive gravity, as an accompanied paper to
our previous work [18], focusing on a detailed cosmolog-
ical investigation, both at the background and perturba-
tion levels. In particular, we investigated three represen-
tative cosmological evolutions. In the first one we consid-
ered the F (R) sector to be of the Starobinsky’s R2-form
and we explicitly showed that this model can describe
both inflation and late time acceleration in a unified pic-
ture, with the F (R) sector driving inflation and the gravi-
ton mass responsible for dark energy. Furthermore, we
studied the case in which F (R) takes the usual viable ex-
ponential form and we showed that this class of models
can easily quantitatively describe the late-time universe
behavior, including the possibility of a phantom-divide
crossing. In the last example we considered the power-
law-like Starobinsky F (R) ansantz, which is another vi-
able form, with similar quantitative behavior. In these
two classes of evolutions, the effective dark energy com-
ponent includes contributions from both sectors, namely
the F (R) and the massive graviton one.
Apart from the interesting cosmological implications at
the background level, the advantage of the present sce-
nario is the behavior of cosmological perturbations. We
developed the perturbations by expanding the Einstein
equations to linear order, around a cosmological solution.
Although the dispersion relation of the scalar mode is dif-
ferent from the case of GR, the effect is negligible in a
realistic cosmological background due to the suppression
of the curvature term. Our analysis showed that there
exists only one propagating scalar mode in this model,
which can additionally be free of ghost instabilities in a
large part of the parameter space. This issue is the crucial
difference of F (R) nonlinear massive gravity comparing
to other extensions, such are the quasi-dilaton and the
varying-mass massive gravity. The fact that both F (R)
and massive graviton sectors are needed for this behavior,
may imply that the UV and IR modifications of gravity
may not be independent.
At the end of the present work, we would like to high-
light one interesting property of the specific model of R2-
massive gravity. One notices that, the effective potential
for the scalar field after conformal transformation, ap-
proaches a constant in the UV regime. This extremely
flat potential, which can be applied to drive sufficiently
long inflationary process at early universe as analyzed
in Sec. IVA, indicates an approximately shift symmetry
along the scalar field. This feature interestingly coincides
with the model of quasi-dilaton massive gravity with a
specifically chosen dilatonic parameter. However, when
the scalar field evolves into the IR regime, it is stabilized
at the vacuum and hence this shift symmetry can be
spontaneously broken. This profound property is inter-
esting to the process of symmetry breaking in nonlinear
massive gravity models, and deserves further investiga-
tions.
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Appendix A: Hamiltonian Constraint Analysis
In this appendix we perform a Hamiltonian constraint
analysis of F (R) nonlinear massive gravity, and we show
that the potentially dangerous extra mode of graviton
scalar vanishes due to the existence of a secondary con-
straint. We follow the method developed in [12] (see also
[18, 44]), and we reproduce the major derivation for com-
pleteness. As usual, we perform the analysis in the Ein-
stein frame based on the Lagrangian (13), and we drop
the tilde-subscripts for convenience.
Using the ADM formalism one can decompose the
physical and fiducial metric as
g˜µνdx
µ
dx
ν = −(N0g )2dt2 + γij(dxi +N igdt)(dxj +N jgdt),
fσρdx
σ
dx
ρ = −(N0f )2dt2 + ωab(dxa +Naf dt)(dxb +Nbfdt).
(A1)
Amongst all the coefficients in the metrics, the lapse N0g
and the shift ~Ng (the three N
i
g’s expressed as vector) of
the physical metric, as well as the corresponding ones
for the fiducial metric, N0f and
~Nf respectively, are not
dynamical DoFs.
In general massive gravity γij allows for at most six
propagating modes, one of them being the origin of the
BD ghost. Thus, a potentially healthy theory must main-
tain a single constraint on γ¯ (from now on a bar denotes
the matrix form) and the corresponding conjugate mo-
menta, along with an associated secondary constraint,
which will lead to the elimination of the ghost DoF. In
the following we show the existence of these constraints
in F (R) massive gravity.
In general, the propagating DoFs are the {γij , ϕ}, such
that their phase space spans 14 dimensions after includ-
ing their conjugate momentas {πij , π}. In standard GR,
four ghostly propagating DoF are eliminated by the con-
straints from the equations of motion of the lapse N and
shifts N i. The inclusion of a generic mass term changes
these equations and they do not directly give rise to any
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constraints on γij . However, the dRGT mass term is such
that the four equations of motion for N and N i give rise
to an equation independent of N and N i, which provides
a constraint that eliminates one potentially dangerous
DoF. Consistency of the first constraint to be valid at
later times introduces a secondary constraint. These are
necessary since we expect massive gravity to have only
five propagating DoF carried by γij . The extra 6-th mode
carried by the helicity 0 mode is at the origin of the BD
ghost.
We can make this constraint explicit by introducing a
Lagrange multiplier in the action. This is done by us-
ing a new shift function ni defined through the following
relation:
N i − Li = (Lδij +NDij)nj , (A2)
where Dij is determined by√
(1− niξijnj)Dij =
√
(γik −DimnmDkl nl)ξkj .
The explicit form of D is not needed for the analysis,
but without loss of generality we apply the expression
that satisfies the identity ξD = Dξ. Defining λ = (1 −
niξijn
j), the Hamiltonian can be written as
H =
∫
d3xH =
∫
d3x(H0 +NC) , (A3)
with
H0 = −(Lni + Li)Ri − L√γAm2gM2p
C = R+RiDijnj +
√
γBm2gM2p ,
where
R =
√
γ
2
[
M2p
(3)R− ∂iϕ∂iϕ− 2U(ϕ)
+
1
γ
(
1
M2p
πiiπ
j
j −
2
M2p
πijπij − 1
2
π2
)]
,
Ri = 2γij∇kπjk − π∂iϕ ,
A = β˜1λ1/2 + β˜2
[
λDii + n
iξijD
j
kn
k
]
+ β˜4
√
ξ
γ
+ β˜3
[
2λ1/2D
[l
l n
i]ξijD
i
kn
k + λ3/2D
[i
i D
j]
j
]
,
B = β˜0 + β˜1λ1/2Dij + β˜2λD[ii Dj]j + β˜3λ3/2D[ii DjjDk]k .
(A4)
One can observe that the Hamiltonian (A3) is not linear
in ni and hence the equations of motion δLδni = Ci = 0
do not lead to any constraints on the propagating DoFs,
but they determine ni(γij , π
ij , ϕ, π). However, (A3) is
now linear in N , and thus δLN = C = 0 provides our first
constraint on the system.
Consistency requires that C = 0 is valid at all times.
If this is trivially satisfied, then there would be no addi-
tional constraints. Fortunately, we find that the deriva-
tive
d
dt
C(x) = {C(x),H}
=
∫
d
3
y [{C(x),H0(y)} −N(y){C(x), C(y)}] (A5)
does not vanish trivially, and this indicates that it does
imposes the secondary constraint needed to eliminate the
ghost. In the above we have introduced the Poisson
brackets
{O1(x),O2(y)} =
∫
d3z
[
δO1(x)
δγmn(z)
δO2(y)
δπmn(z)
− δO1(x)
δπmn(z)
δO2(y)
δγmn(z)
]
+
∫
d3z
[
δO1(x)
δϕ(z)
δO2(y)
δπ(z)
−δO1(x)
δπ(z)
δO2(y)
δϕ(z)
]
. (A6)
First of all, we need to prove that {C(x), C(y)} = 0. Oth-
erwise, the appearance of the lapse N in (A5) would not
turn this consistency requirement into a constraint on the
propagating modes as: C(2) = ∫ d3y{C(x),H0(y)} = 0.
Straightforwardly we calculate
{C(x), C(y)} = {R(x),R(y)}
+ {Ri(x),Rj(y)}Diknk(x)Dilnl(y)
+
[
{R(x),Ri(y)}Diknk(y) + Smn(x) δRi(y)
δpimn(x)
D
i
kn
k(y)
−{R(y),Ri(x)}Diknk(x) + Smn(y) δRi(x)
δpimn(y)
D
i
kn
k(x)
]
,
(A7)
with Smn(x) = Rj ∂(D
j
rn
r)
∂γmn
(x) + m2gM
2
p
∂(
√
γB)
∂γmn
(x). The
involved poisson brackets read
{R(x),R(y)} = −
[
Ri(x)∂xiδ(3)(x − y)
−Ri(y)∂yiδ(3)(x− y)
]
,
{R(x),Ri(y)} = −R(y)∂xiδ(3)(x− y),
{Ri(x),Rj(y)} = −
[
Rj(x)∂xiδ(3)(x− y)
−Ri(y)∂yjδ(3)(x− y)
]
. (A8)
In order to deal with the delta functions, the smoothing
functions f(x) and g(x) are introduced as follows,
F =
∫
d3xf(x)C(x) , G =
∫
d3yg(y)C(y) , (A9)
and their Poisson bracket can be evaluated as
{F,G} =
∫
d3xd3yf(x)g(x){C(x), C(y)}
= −
∫
d3x(f∂ig − g∂if)P i, (A10)
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where P i = (R+RjDjknk)Dilnl +Ri + SilγilDjknk. Ac-
cordingly, we can simplify the Poisson bracket of C as
{C(x), C(y)} =
[
P
i(x)∂xiδ
(3)(x− y)− P i(y)∂yiδ(3)(x− y)
]
.
Since we have P i = CDilnl + Cjγji
∣∣
C=0, Cj=0 = 0, we
finally explicitly prove that
{C(x), C(y)} = 0 . (A11)
In summary, our consistency condition is therefore
C(2) = ∫ d3y{C(x),H0(y)} = 0, where the Poisson
bracket in the integrand writes as
{C(x),H0(y)} = −{R(x),Ri(y)}(Lni + Li)(y)
−Diknk(x){Ri(x),Rj(y)}(Lnj + Lj)(y)
− Smn(x) δRi(y)
δpimn(x)
(Lni + Li)
−√γm2gM2p ∂B
∂ϕ
∂Ri
∂pi
(Lni + Li)δ(3)(x− y)
+ L
√
γm
2
gM
2
p
[
δR(x)
δpimn(y)
A
mn(y)
+Dikn
k(x)
δRi(y)
δpimn(x)
A
mn(y)
+
∂A
∂ϕ
∂R
∂pi
δ
(3)(x− y)
+
∂B
∂ϕ
∂Ri
∂pi
(Dikn
k)δ(3)(x− y)
]
,
with Amn = 1√γ
∂(
√
γA)
∂γmn
. After some algebra we finally
obtain
C(2) = C∇i(Lni + Li) +m2gM2p (γmnpikk − 2pimn)Amn
+ 2L
√
γm
2
gM
2
p (∇mAmn)γniDiknk
+ (RjDiknk −m2gM2p√γγjkB¯ki)∇i(Lnj + Lj)
−m2gM2p
√
γ
∂B
∂ϕ
∂iϕ(Ln
i + Li)
−m2gM2pL∂A
∂ϕ
∂iϕD
i
kn
k
, (A12)
where we have defined
B¯mn =γmi
{
β˜1λ
−1/2
ξik(D
−1)kj + β˜2
[
ξik(D
−1)kjD
l
l − ξij
]
+ β˜3λ
1/2
[
ξikD
k
j − ξijDkk
+
1
2
ξik(D
−1)kj (D
l
lD
k
k −DlkDkl )
]}
γ
jn
.
We mention that C appears only in the first term of
(A12), and thus this expression does not automatically
vanish on the constraint surface defined by C = 0. There-
fore, demanding that C(2) = 0, imposes the secondary
constraint that we needed.
Lastly, a further check needs to be performed, in or-
der to show that no tertiary constraint exists. This is
achieved by demonstrating that {C(2)(x),H0} 6= 0 and
{C(2)(x), C(y)} 6= 0. Therefore the consistency condition,
d
dt
C(2)(x) = {C(2)(x), H} = 0 ,
gives an equation that determines N .
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